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We carry out extensive direct numerical simulations (DNSs) to investigate the interaction of active
particles and fields in the two-dimensional (2D) Gross-Pitaevskii (GP) superfluid, in both simple
and turbulent flows. The particles are active in the sense that they affect the superfluid even as
they are affected by it. We tune the mass of the particles, which is an important control parameter.
At the one-particle level, we show how light, neutral, and heavy particles move in the superfluid,
when a constant external force acts on them; in particular, beyond a critical velocity, at which a
vortex-antivortex pair is emitted, particle motion can be periodic or chaotic. We demonstrate that
the interaction of a particle with vortices leads to dynamics that depends sensitively on the particle
characteristics. We also demonstrate that assemblies of particles and vortices can have rich, and
often turbulent spatiotemporal evolution. In particular, we consider the dynamics of the following
illustrative initial configurations: (a) one particle placed in front of a translating vortex-antivortex
pair; (b) two particles placed in front of a translating vortex-antivortex pair; (c) a single particle
moving in the presence of counter-rotating vortex clusters; and (d) four particles in the presence
of counter-rotating vortex clusters. We compare our work with earlier studies and examine its
implications for recent experimental studies in superfluid Helium and Bose-Einstein condensates.
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I. INTRODUCTION
The study of the dynamics of particles immersed in a
superfluid has a long history [1]. This venerable subject
has experienced a renaissance because of recent experi-
ments that (a) use particles in superfluid helium [2–6], to
track vortex lines or (b) to study impurities in cold-atom,
Bose-Einstein condensates (BECs) [7].
Unlike particles moving through a viscous fluid, par-
ticles that move with a constant speed through a su-
perfluid move without resistance, so long as this speed
lies below a critical threshold [8–12]. Above this thresh-
old, superfluidity breaks down. This critical speed has
been related, in the Gross-Pitaevskii Equation (GPE),
to vortex generation, which is caused by a saddle-node
bifurcation of steady states [8, 9, 11–13]. At supercritical
speeds, vortex generation is associated with forces that
act on particles. The interaction of such vortices with
single particles or assemblies of particles are problems of
central importance in this rapidly developing field. The
motion of a single particle, which is affected by the super-
flow and acts on it too, has been studied in Refs. [12–15]
in a Gross-Pitaevskii (GP) superfluid. We refer to this
as an active particle.
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To go beyond earlier theoretical and numerical stud-
ies [13–15] of this problem we have developed a mini-
mal model [16] recently. In this model, the equations
of motion of particles are coupled with the GP field ψ,
which is used often to describe a weakly interacting su-
perfluid at low temperatures. Furthermore, our model
includes a particle-particle, short-range repulsive force.
This model generates naturally an effective superfluid-
mediated attractive interaction between the particles; we
have shown [16] that the interplay between the short-
range particle repulsion and the superfluid-mediated at-
traction leads to a sticking transition at which the coef-
ficient of restitution, for two-particle collisions, vanishes.
We build on our study in Ref. [16] and consider the
interaction of particles with vortices. We begin with a
brief, qualitative overview of our principal results, which
we obtain from extensive direct numerical simulations
(DNSs) of the interaction of particles and fields in the
two-dimensional (2D) GPE, in both simple and turbu-
lent flows. At the one-particle level, we explore, for light,
neutral, and heavy particles, the nature of their dynam-
ics in the superfluid, when a constant external force acts
on them; in particular, we show, by a careful considera-
tion of the effects of the particle mass, how the motion
of such particles can be temporally periodic or chaotic.
We demonstrate that the interaction of a particle with
vortices leads to dynamics that depends sensitively on
the particle characteristics. For assemblies of particles
and vortices we demonstrate that their dynamics show
rich, turbulent spatiotemporal evolution. In particular,
we systematize the spatiotemporal evolution of an initial
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2configuration in which one particle is placed in front of
a translating vortex-antivortex pair. We then examine
the complicated motions of two particles placed in front
of a translating vortex-antivortex pair and show that,
once a particle traps a vortex, we can use this particle
as a tracer that can track vortex motion. As an illus-
trative example, we first examine the motion of a single
particle in the presence of many vortices in a decaying
turbulent flow. We then study how the interactions of
many particles with fields in the presence of a group of
counter-rotating vortices can lead to turbulent and spa-
tiotemporally chaotic evolution. We compare our work
with earlier studies and discuss the experimental impli-
cations of our work.
The remainder of this paper is organized as follows. In
the first part of Sec. II we recapitulate the essentials of
our model [16] for particles coupled to the GP field ψ; in
a subsection, we present the numerical methods we use
in our studies of this model. Section III is devoted to our
results for different classes of initial conditions; the first
subsection here discusses vortex generation by the motion
of a single particle (light, neutral, or heavy) and the spa-
tiotemporal evolution of ψ and the particle position; the
second subsection explores the interaction between par-
ticles and a vortex-antivortex pair; the third subsection
considers illustrative multi-particle and multi-vortex as-
semblies and studies their rich and turbulent spatiotem-
poral evolution. In Section IV we give our conclusions
and discuss the significance of our results.
II. MODEL AND NUMERICAL METHODS
A. Model
We begin with a brief recapitulation of our minimal
model [16] of active and interacting particles in a weakly
interacting Bose superfluid at zero temperature. The dy-
namics of these particles is governed by the Lagrangian
L =
∫
A
[ i~
2
(
ψ∗(r, t)
∂ψ(r, t)
∂t
− ψ(r, t)∂ψ
∗(r, t)
∂t
)
− ~
2
2m
∇ψ(r, t) · ∇ψ∗(r, t) + µ|ψ(r, t)|2
− g
2
|ψ(r, t)|4 −
N0∑
i=1
VP(r− qi)|ψ(r, t)|2
]
dr
+
mo
2
N0∑
i=1
q˙2i −
N0,N0∑
i,j,i 6=j
∆Er
12
SR
|qi − qj |12 ,
(1)
where ψ is the complex, condensate wave function, ψ∗
is its complex conjugate, m is the mass of the bosons,
A is the simulation domain, g is the effective interaction
strength, µ is the chemical potential, VP is the potential
that accounts for the particles, qi the position of particle
i, and N0 the total number of particles, each with mass
mo. The last term in Eq. (1) is the short-range (SR)
repulsive, two-particle potential, which is characterized
by the parameters ∆E and rSR.
From the Lagrangian (1) we obtain the following GP
equation for the field ψ:
i~
∂ψ
∂t
= − ~
2
2m
∇2ψ−µψ+g|ψ|2ψ+
N0∑
i=1
VP(r−qi)ψ; (2)
and, for the particle i, we get
moq¨i = fo,i + fSR,i, (3)
where
fo,i =
∫
A
|ψ|2∇VP dr, (4)
and fSR,i arises because of the SR potential. If there is
no external force, the total energy of this system
E = EF + E
T
o + ESR (5)
is conserved; here, EF, the energy of the superfluid field,
ETo , the total kinetic energy of the particles, and ESR,
the energy from the SR repulsion between the particles,
are defined, respectively, as follows:
EF =
1
A
∫
A
[
~2
2m
|∇ψ|2 + 1
2
g
(
|ψ|2 − µ
g
)2
(6a)
+
∑No
i=1
VP(r− qi)|ψ|2
]
dr; (6b)
ETo =
1
A
∑
i=1
1
2
moq˙
2
i ; (6c)
ESR =
1
A
∑No,No
i,j,i6=j
∆Er
12
SR
|qi − qj |12 . (6d)
The dynamical evolution of Eqs. (2)-(3) conserves the
total momentum
P(t) =
∫
A
i~
2
(ψ∗∇ψ − ψ∇ψ∗) dr+
∑No
i=1
moq˙i; (7)
and the number of bosons
N =
∫
A
|ψ|2 dr. (8)
We use the Madelung transformation
ψ(r, t) =
√
ρ(r, t)/m exp(iφ(r, t)) (9)
to express the GP equation in terms of hydrodynamical
variables; here, ρ(r, t) and φ(r, t) are, respectively, the
density and phase fields, and the superfluid velocity is
v(r, t) = (~/m)∇φ(r, t), (10)
whence we note that the flow is irrotational in the absence
of any quantum vortices.
3Linearization of the GP equation for a uniform system
around the equilibrium state with constant density ρ0
yields the Bogoliubov dispersion relation
ω(k) = c k
(
1 +
1
2
ξ2k2
)1/2
, (11)
where k is the wave number; for small wave numbers
k the spectrum is sound-like, with sound velocity c =√
gρ0/m2; for length scales smaller than ξ, i.e., k & 1/ξ
dispersive effects are observed. The length scale ξ =√
~2/2g ρ0 is called the healing length scale and is also
associated with the vortex core size.
We model the particles by specifying the potential VP ,
which allows us to choose the shape and size of the par-
ticles. In this study, we use the Gaussian potential
VP = Vo exp
(
− r
2
2d2p
)
; (12)
here Vo is the strength of the potential and dp is the mea-
sure of its width. The introduction of a particle displaces
some superfluid, with area comparable to that occupied
by the particle. The mass of the displaced fluid is given
by
mf = m
∫
A
(|ψuniform|2 − |ψparticle|2) dr, (13)
where ψuniform and ψparticle are the wave functions of the
minimum energy state of the uniform system in the ab-
sence of any particle and in the presence of a single par-
ticle, respectively. We use the mass mf of the displaced
superfluid to define the ratio
M≡ mo
mf
, (14)
which allows us to distinguish between (1) heavy (M >
1), (2) neutral (M = 1), and (3) light (M < 1) particles.
B. Numerical methods
To study the dynamics of particles in complex super-
fluid flows, we solve Eqs. (2)-(3) numerically. We perform
direct numerical simulations (DNSs) of the GPE by using
the Fourier pseudospectral method on a square, periodic
simulation domain A of side L = 2pi with N2c colloca-
tion points [17]. In this method, we evaluate the linear
terms in Eqs. (2)-(3) in Fourier space and the nonlinear
term in real (physical) space, which we then transform
to Fourier space. For the Fourier transform operations
we use the FFTW library [18]. A fourth-order, Runge-
Kutta scheme, with time step ∆ t is used to evolve these
equations in time. Any peusodspectral DNS retains a
finite number of Fourier modes; therefore, we introduce
the Galerkin projector PG
PG[ψˆ(k)] = θ(kmax − |k|)ψˆ(k), (15)
where ψˆ is the spatial Fourier transform of ψ, kmax is a
suitably chosen ultraviolet cutoff, and θ(·) the Heaviside
function. We use the standard 2/3-dealiasing rule, with
kmax = 2/3 ×Nc/2 and we follow Ref. [19] in our treat-
ment of the nonlinear term in the GPE: We first apply PG
on |ψ|2 and then again on PG[|ψ|2]ψ. This ensures global
momentum conservation in our DNS, which is essen-
tial for the study of collisions between particles [16] and
their interactions with the field ψ. Thus, our Galerkin-
truncated GPE (TGPE) becomes
i~
∂ψ(r, t)
∂t
= PG
[(
− ~
2
2m
∇2 + gPG[|ψ|2]
− µ+
∑No
i=1
VP(r− qi)
)
ψ(r, t)
]
.
(16)
Given our Galerkin-truncation scheme, we can write the
force acting on the particle as
fo,i = −
∫
A
[
ψ∗PG[VP(r− qi)∇ψ]
+ ψPG[VP(r− qi)∇ψ∗]
]
d2x.
(17)
C. Units and parameters
We write the important parameters of the GPE sys-
tem in the following form: the quantum of circulation
κ ≡ h/m ≡ 4piα0, the speed of sound c =
√
2α0g˜ρ0, the
healing length ξ =
√
α0/(g˜ρ0), where g˜ = g/~m, and
the mean density ρ0 =
∫
Am |ψ|2 dr/A; see Appendix A
for more details. In all our calculations, we set ρ0 = 1,
c = 1, and ξ = 1.44 dx, where dx = L/Nc, N
2
c = 128
2,
µ˜ ≡ µ/~ = g˜ρ0, V˜o ≡ Vo/~ = 10 g˜ρ0, dp = 1.5 ξ, and
∆E = 0.062; except in Sec. III D where we set c = 2. En-
ergies are in units of Eξ = 2αρ
2
0g˜ = c
2ρ0, which has the
dimension [M T−2], as the energies defined in Eqs. (5)
and (6) are energies per unit area; to obtain the energy
integrated over the whole computation domain EA, the
dimensionless quantity E must be multiplied by c2 ρ0A
and an appropriate units for EA is then c2 ξ2 ρ0. The
force acting on the particle is expressed in units of c2ξρ0.
III. RESULTS
In order to understand how particles and the field ψ
interact in superfluids, we have considered the following
illustrative initial configurations in our DNSs:
1. ICP1: An initial configuration with one particle on
which a constant, external force acts for the entire
duration of the DNS.
2. • ICP2A: An initial configuration with one par-
ticle placed in front of a translating vortex-
antivortex pair.
4• ICP2B: An initial configuration with two par-
ticles placed in front of a translating vortex-
antivortex pair.
3. • ICP3A: An initial configuration with a single
particle moving in the presence of counter-
rotating vortex clusters.
• ICP3B: An initial configuration with four par-
ticles in the presence of counter-rotating vor-
tex clusters.
A. Single-particle dynamics: Constant external
force on the particle
We study the dynamics of a single particle in the super-
fluid by using the initial configuration ICP1, where an ex-
ternal force acts on the particle; in particular, we examine
the dependence of this dynamics onM. We achieve this
by first preparing an initial state with a single particle at
rest by using the Advective-Ginzburg-Landau equation
(ARGLE) (see Appendix B). We use this initial state in
the GPE and switch on the external force Fext = F0xˆ,
where F0 is constant in time. We now describe the dy-
namics of the heavy (M > 1), neutral (M = 1), and light
particles (M < 1) for the initial configuration ICP1.
Heavy particle: We apply an external force Fext =
0.28 c2ξρ0 xˆ on the heavy particle. In Fig. 1 we show
pseudocolor plots of ρ(r), at different instants of time, to
illustrate its spatiotemporal evolution; the particle and
vortices appear as blue disks in which ρ = 0, with large
and small diameters, respectively. In Fig. 2 (a) we show
the temporal evolution of the x- and the y-components of
the particle velocity uo,x (blue solid curve) and uo,y (red
dashed curve), respectively. The particle starts to move
from rest through the superfluid, without disturbing the
latter, until the critical velocity uc/c ' 0.47 is reached
at ct/ξ = 3.313 × 104. When the particle velocity ' uc,
a vortex-antivortex pair emerges, with a positive vortex
at the top and a negative vortex at the bottom of the
particle, but both still attached to, and co-moving with,
the particle; the particle slows down slightly Fig. 1(b).
Subsequently, the vortex-antivortex pair gets detached
from the particle; it is oriented perpendicular to, and
moves along, the x-direction at a much reduced veloc-
ity compared to that of the particle Fig. 1(c). Given
its large velocity, the particle moves ahead of the slowly
moving vortex-antivortex pair; and, because of the pe-
riodic boundary conditions we use, it comes back and
approaches the vortex-antivortex pair from behind. The
particle passes through the vortex-antivortex pair, dur-
ing which passage the positive and the negative vortices
glide, repectively, along the upper- and lower-half of the
circumference of the particle; such an interaction is also
associated with the initial increase (which is followed by
a decrease) in the particle velocity because of the rein-
forcing nature of the velocity field in the region in be-
tween the vortex and the antivortex that constitute the
pair. Moreover, this interaction of the particle and the
vortex-antivortex pair leads to the generation of sound
waves. The particle subsequently sheds another vortex-
antivortex pair Fig. 1(d) and (e); and then it interacts
with two vortex-antivortex pairs; this is accompanied by
an even greater emission of sound waves than in the case
of one vortex-antivortex pair. Afterwards, the presence
of sound waves during the interaction of the particles
with the vortex-antivortex pairs, results in deflections of
the latter from their trajectories Fig. 1(h); at the same
time, small fluctuations are induced in the particle ve-
locity (see Fig. 2 (a)). The subsequent motions of the
particle and the vortex-antivortex pairs become compli-
cated Fig. 1(i)-(l). Many more vortex-antivortex pairs
are shed by the particle; and, at several instances of the
shedding of a vortex-antivortex pair, one of the vortices
is trapped on the particle for a short duration of time;
now the vortex-antivortex pairs are emitted at uo,x > uc.
Moreover, the vortices and antivortices frequently anni-
hilate and produce sound waves during this annihilation.
Figure 2 (b) shows that the force exerted by the su-
perfluid on the particle (see Eq. (4) and (17)) exhibits
large fluctuations, after the critical velocity is reached.
In Fig. 2 (c) we plot the power spectra of the time se-
ries of th Cartesian components fo,x (green solid curve)
and fo,y (black dashed curve); these show that many fre-
quencies appear in these spectra. The video M1 in the
Supplemental Material [20] illustrates the spatiotempo-
ral evolution of a forced heavy particle in a superfluid.
This video, the time series of uo,x, uo,y, fo,x, and fo,y and
their power spectra (Figs. 2 (c), (f) and (i)) show that,
after the first vortex-antivortex pair has been emitted,
the motion of the particle can be temporally chaotic, for
heavy particle.
Neutral particle: To study the dynamics of a neutral
particle in the superfluid, we use the initial configuration
ICP1. We apply an external force Fext = 0.14 c
2ξρ0 xˆ on
the particle. In Figs. 3 (a)-(i) we show, via pseudocolor
plots, the spatiotemporal evolution of ρ(r, t); the particle
appears as a large blue patch on these plots. The parti-
cle accelerates under the influence of the external force
and its velocity reaches a maximum at ct/ξ ' 467, be-
fore starting to decrease (see Fig. 2 (d)); this maximum
of velocity is also the critical velocity uc ' 0.47 c, where
a vortex-antivortex pair is formed. Figure 3 (a) shows
the vortex-antivortex pair still attached to the particle at
ct/ξ = 5.38 × 102, as an extension along the y-direction
of the particle (blue patch). Subsequently, the vortex-
antivortex pair is detached from the particle (Fig. 3 (b));
but the particle and the vortex-antivortex-pair assem-
bly (henceforth PVA complex) becomes unstable, with
respect to motion transverse to the direction of Fext at
ct/ξ ' 7.64 × 102, and oscillatory modes are excited, as
we show in Fig. 2 (d), where the Cartesian components
uo,x and uo,y of the particle velocity exhibit modulated
oscillations. In Fig. 2 (f), the power spectra of both uo,x
and uo,y show one large peak and two or three small
peaks; the former is associated with the main tempo-
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FIG. 1. (Color online) Spatiotemporal evolution of the density field ρ(r, t) shown via pseudocolor plots, illustrating the dynamics
of a heavy particle, when a constant external force Fext = 0.28 c
2ξρ0 xˆ acts on it (initial configuration ICP1). The particle
appears as a large blue patch and the vortices as blue dots (for details see text, subsection III A).
ral oscillation and the latter with the modulation. Fig-
ure 2 (e) shows that similar oscillations are present in the
Cartesian components of the force exerted by the super-
fluid on the particle. As a result of this instability, at
ct/ξ ' 9.05× 102 the particle is trapped on the positive
(upper) vortex (Fig. 3 (c)); this is accompanied by an in-
tense emission of sound waves. The particle, trapped on
the positive vortex, and the negative (lower) vortex move
together, with both aligned roughly perpendicular to the
direction of motion (Fig. 3 (d)); the separation between
the two increases, principally because the positive vortex
moves away and takes the trapped particle along with it.
Because of our periodic boundary conditions, the posi-
tive vortex (and the particle trapped by it) comes back
from below (the y-direction). The direction of the veloc-
ity field, in the small region in between the particle and
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FIG. 2. (Color online) Plots of the Cartesian components of: (a) velocity uo,x and uo,y, (b) force fo,x and fo,y; (c) power
spectra of the quantities time series in (a) and (b), for the heavy particle (M = 374, Fext = 0.28 c2ξρ0 xˆ). Plots in (d), (e),
and (f) and (g), (h), and (i) are the analogs of plots in (a), (b), and (c), for the neutral (M = 1, Fext = 0.14 c2ξρ0 xˆ) and
light (M = 0.0374, Fext = 0.14 c2ξρ0 xˆ) particles, respectively. Power spectra, denoted generically by S(ω), of the time series
of uo,x , uo,y, fo,x, and fo,y are plotted versus the angular frequency ω for the above three cases.
the vortex, generated by the vortex-antivortex pair, is re-
versed (from +xˆ to −xˆ). When the negative vortex and
the positive vortex (and the trapped particle) are close
enough to each other, then the field generated by the
pair is so strong that the PVA complex reverses its direc-
tion of motion at ct/ξ ' 4.61 × 103 (Fig. 3 (e)). When
the two vortices are very close together (see Fig. 3 (f)),
they annihilate at ct/ξ = 5.15 × 103, while the particle
moves predominantly in the −xˆ direction. Soon there-
after, the acceleration, because of the external force, re-
verses the direction of motion once again and the par-
ticle begins to move predominantly in the xˆ direction
as we show in Fig. 3 (g) at ct/ξ = 5.52 × 103. The
particle velocity increases, reaches a maximum value
uo,x = 0.57 c > uc, and again a vortex-antivortex pair
is formed at t = 6.11× 103, initially this pair is attached
to the particle. At ct/ξ ' 6.14 × 103 the particle gets
trapped on the negative (lower) vortex and the cycle of
particle and vortex motions, described above, is repeated
again (see Fig. 2 (d) for t & 6.14 × 103 and Fig. 3(i)).
Video M2 [20] gives the complete spatiotemporal evolu-
tion of the particle and ρ(r, t).
Light particle: We now describe the dynamics of a
light particle in the superfluid by using the initial config-
uration ICP1; the particle is accelerated by applying an
external force Fext = 0.14 c
2ξρ0 xˆ on it. Figures E.1 (a)-
(i) in the Appendix and Video M3 [20] summarize the
spatiotemporal evolution of the field ρ(r, t) for the light-
particle case. A comparison of the x-component of the
particle velocity uo,x (purple curve) in Figs. 2 (d) and (g),
and a comparison of the field ρ(r, t) in Figs. 3 and E.1
in the Appendix, shows that the dynamics of the light
particle is similar to, but not exactly the same as, that
of the neutral particle. A major feature which distin-
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FIG. 3. (Color online) Spatiotemporal evolution of the density field ρ(r, t) shown via pseudocolor plots, illustrating the dynamics
of a neutral particle, when a constant external force Fext = 0.14 c
2ξρ0 xˆ acts on it (initial configuration ICP1). The particle
appears as a large blue patch and the vortices as blue dots (for details see text, subsection III A).
guishes their dynamics is the presence of a broad range
of frequencies in the power spectra of uo and fo of the
former case; this indicates that the motion of the light
particle is chaotic, in contrast to that of the neutral par-
ticle, whose dynamical evolution is periodic in time.
The chaotic nature of the particle dynamics is en-
hanced when we increase the amplitude of the external
force acting on the particle, as we show in Fig. E.2 in the
Appendix; in particular, now the power spectra of the
Cartesian components of uo and fo have a broad range
of frequencies for all the three types of particles. We
can understand the motion of the particles by using the
concept of the hydrodynamical mass (or effective mass)
m∗ = ∂Pext/∂uo (Pext = Fextt). To begin with, there is
no drag-force on the particle; but the particle still trans-
fers momentum to the fluid by virtue of the increase in
its effective mass; this becomes very large (ideally infin-
ity) at uo = uc, where a vortex-antivortex pair is formed.
Note that, when a vortex-antivortex pair is formed, the
plot of uo,x versus time has a maximum (see Fig. 2(d)),
i.e., the acceleration in the x direction vanishes, even
though the force Fext is nonzero. Therefore, the effec-
tive mass m∗ diverges when the vortex-antivortex pair is
created. After this, m∗ becomes negative and the parti-
cle slows down; this is more apparent in the cases of the
neutral and the light particles than for a heavy particle.
B. Interaction of particles with a translating
vortex-antivortex pair
Single particle Next we study the interaction of a
single particle with a vortex-antivortex pair for heavy,
neutral, and light particles by using the initial configura-
tion ICP2A, in which we place a particle in the path of the
positive vortex of the translating vortex-antivortex pair.
In order to implement this, we prepare a state with a sta-
tionary particle at (1.5pi/ξ, 1.257pi/ξ) and then combine
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FIG. 4. (Color online) The schematic diagrams (a) and (b) il-
lustrate the initial configurations ICP2A (single particle case)
and ICP2B (two particles case), respectively, which we use to
study the interaction of the particles (blue disks) with the
superfluid field, by placing them in the path of a translating
vortex-antivortex pair (represented by small red and purple
disks).
it with a state corresponding to a vortex-antivortex pair,
of size dpair ' 23 ξ and which translates with a velocity
upair = 0.074 c xˆ; see the schematic diagram in Fig. 4 (a)
and Appendix D 1 for preparation details.
When the vortex-antivortex pair approaches the heavy
particle, the positive (upper) vortex glides over the par-
ticle, which leads to an exchange of momentum, so
the vortex-antivortex pair is deflected from its path,
and it acquires a small velocity in the −yˆ direction.
This interaction leads to the production of sound waves.
Subsequently, when the negative vortex (of the vortex-
antivortex pair) comes near the heavy particle and, in
the presence of sound waves, it is finally trapped on the
negative vortex. During the trapping of the particle on
the negative vortex, a large amount of acoustic energy
is released into the system. This sequence of events is
illustrated by the pseudocolor plots of Figs. 5 (a)-(l) and
Video M4 [20]. The trapped particle executes oscillatory
motion while drifting (see Fig. 6 purple curve for t & 200)
and the positive vortex now revolves around the particle
that is trapped on the negative vortex.
Figures 6 (a) and (b) show plots of uo,x and uo,y versus
time, respectively, for heavy, neutral, and light particles.
When a translating vortex-antivortex pair approaches
neutral or light particles, they feel the flow around the
positive (upper) vortex more strongly than did the heavy
particle. The neutral and light particles are pushed out
and they move around the positive vortex before get-
ting trapped on the positive vortex; in Fig. 6 (c), in-
set of (c) and (d) we show this initial motion by plot-
ting the particle velocity components uo,x, uo,y and the
trajectories, respectively. The response of the light par-
ticle is most dramatic: while moving around the posi-
tive vortex, it is pushed almost to the back of the vortex
(ct/ξ ' 2.83 × 102), before getting trapped on it. The
pseudocolor plots of Figs. 7 (a)-(f) (and E.3 (a)-(i) in the
Appendix) and the Videos M5 and M6 summarize the
spatiotemporal evolutions of the neutral and light parti-
cles, respectively. When the neutral and the light par-
ticles get trapped on the positive vortex, there is a sud-
den change in their velocities, as we show in Figs. 6 (a)-
(c) at ct/ξ ' 2.00 × 102; this results in large fluctua-
tions. Neutral particles exhibit modulated oscillations,
whereas light particles display chaotic temporal evolu-
tion. In Figs. 8 (a), (b), and (c) we plot the energy time
series for the heavy, neutral and light particles, respec-
tively. These plots illustrate the continual exchange of
energy between the particle and the superfluid, which is
very much representative of the motion executed by the
particles.
Two-particles: We now investigate the interaction
of two particles with a vortex-antivortex pair. For this
we use the initial configuration ICP2B, in which we place
the two particles Pt : 1 and Pt : 2 at a distance, in
front of the positive and the negative vortices of a trans-
lating vortex-antivortex pair (see the schematic diagram
in Fig. 4 (b)). As in the case of a single particle, we
use the ARGLE to prepare a state with two stationary
particles Pt : 1 and Pt : 2 at (1.5pi/ξ, 1.257pi/ξ) and
(1.5pi/ξ, 0.743pi/ξ), respectively; this state is then com-
bined with a state corresponding to a vortex-antivortex
pair of size dpair ' 23 ξ which translates with a velocity
upair = 0.074 c xˆ (see Appendix D 1 for preparation de-
tails). We use the above initial configuration to study
the interaction of the vortex-antivortex pair with heavy,
neutral, and light particles.
In Figs. 9 (a)-(e) we show that, when the vortex-
antivortex pair approaches the two symmetrically placed
heavy particles, the positive (upper) vortex and the neg-
ative (lower) vortex glide along the circumferences of
Pt : 1 and Pt : 2, respectively; thereafter, the vortex-
antivortex pair continues to translate in the xˆ direction.
The interaction of the vortex-antivortex pair with these
particles leads to the transfer of momentum to the latter;
and these particles start moving slowly (see Figs. 10 (a)-
(d) for ct/ξ ' 2.26×102. Because of our periodic bound-
ary conditions, the translating vortex-antivortex pair
comes back and again glides along the particle bound-
aries, which are still in the path of translation of this
pair (see Figs. 9 (f)-(i)). The particles move away from
the vortices, as the vortex-antivortex pair moves beyond
them (see Figs. 10 (a)-(d) for ct/ξ & 1.41 × 103). At
later times, the separation between the particles is wide
enough for the vortex-antivortex pair to pass through
the region in between the particles without any signifi-
cant obstruction (see Figs. 9 (j)-(l)). However, the plots
of the particle-velocity components versus times show
jumps when the vortex-antivortex pair passes through
the region in between the particles. The Video M7 [20]
illustrates the complete spatiotemporal evolution of the
particles and the density field ρ(r, t).
When the translating vortex-antivortex pair ap-
proaches symmetrically placed neutral or light particles,
the particles Pt : 1 and Pt : 2 get trapped on the posi-
tive and the negative vortices, respectively. The trapping
of the two neutral (light) particles here is similar to the
trapping of a single neutral (light) particle placed in front
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FIG. 5. (Color online) Spatiotemporal evolution of the density field ρ(r, t) shown via pseudocolor plots, for a heavy particle
placed in the path of the positive (upper) vortex of a translating vortex-antivortex pair (initial configuration ICP2A).
of a translating vortex-antivortex pair. After the parti-
cles are trapped on the vortices, the two-particle-vortex-
antivortex-pair complex continues to translate in the xˆ
direction, but the particles now exhibit fluctuations. The
pseudocolor plots of Figs. E.4 (a)-(f) and E.5 (a)-(f) in
the Appendix and the Videos M8 and M9 in the Sup-
plemental Material [20] summarize the spatiotemporal
evolution of the density field ρ(r, t) for the neutral and
the light particles, respectively. The fluctuations in the
case of the neutral particle are temporally periodic, with
some modulation, whereas those in the case of the light
particle are chaotic(see Figs. E.6 (a)-(d) (neutral parti-
cle) and E.7 (a)-(d) (light particle) in the Appendix E
for details).
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C. Single particle dynamics in the presence of
counter-rotating vortex clusters
To study the dynamics of a single neutral parti-
cle in the presence of counter-rotating vortex clusters
we generate the initial configuration ICP3A in three
s.pdf: (1) we use the ARGLE to prepare a state with
a particle at (pi/ξ, pi/ξ) moving with velocity uo =
0.1(1/
√
2,−1/√2) c (see Appendix D 2 for details); (2)
we then use the ARGLE to prepare two positive and two
negative vortex clusters, where each cluster has 12 vor-
tices of the same sign, and the positive and the negative
clusters rotate in opposite directions (for preparation de-
tails see the Appendix); (3) the states obtained in the
s.pdf (1) and (2) are combined together, by multiplying
their wave functions. The initial configuration so pre-
pared is then used in the GPE. By design, we prepare
the state with counter-rotating vortex clusters in a state
that is not the ground state; therefore, under the TGPE
dynamics, the clusters expand and interact with neigh-
boring clusters; this results in a flow with a complex dis-
tribution of vortices. Thus, this initial state allows us to
study a neutral particle in a state that displays superfluid
turbulence.
In Figs. 11 (a)-(f) we show the spatiotemporal evolu-
tion of the filtered vorticity field; the particle is repre-
sented by a black disk here. Figures 11 (a)-(c) show that
the vortex clusters expand quickly and interact with their
neighboring clusters. At ct/ξ ' 4.53 × 101 the parti-
cle sheds a vortex-antivortex pair, while moving towards
the negative vortex cluster in the right bottom corner
of the simulation domain; the particle gets trapped on a
nearby negative vortex and it is dragged inside the clus-
ter; at this time, its velocity shoots up to uo ∼ 0.8 c.
The vortex density decreases as the system evolves be-
cause of the annihilation of the vortices and the anitvor-
tices (see Figs. 11 (d)-(e)). The Video M10 [20] illus-
trates the dynamics of a neutral particle in the presence
of counter-rotating vortex clusters. Figure 12 shows that
the trajectory of the particle (denoted by a series of blue
triangles), in the presence of vortices, is complex. The
spacing between successive triangles is large (small) when
the particle velocity is large (small). During the motion
the particle switches from one vortex to another and its
direction of motion k.pdf changing because of its interac-
tions with neighboring vortices. The regions with a high
density of circles on the trajectory plot in Fig. 12 occur
when the area around the particle is free of vortices or at
late times when the overall vortex density has decreased
considerably. Figure 13 (a) shows that uo,x and uo,y ex-
hibit chaotic fluctuations; in Fig. 13 (b) we show plots
of the energies that illustrate the exchange of energy be-
tween the particle and the superfluid. Energy spectra of
the incompressible kinetic energy, plot not included here,
shows the spread of kinetic energy over the full range of
scales, similar to the case of a turbulent flow [17].
D. Many-particle dynamics in the presence of
counter-rotating vortex clusters
We study the dynamics of four particles in the presence
of small, counter-rotating vortex clusters as an illustra-
tive example of many-particle dynamics in the presence
of vortices. We generate the initial configuration IPC3B
for this purpose in three s.pdf: (1) we use the ARGLE
to prepare a minimum-energy state with two clusters of
positive and negative vortices; each cluster has 4 vortices
of the same sign, and the positive and the negative clus-
ters rotate in opposite directions (for preparation details
see Appendix D 2). (2) We prepare a state with four sta-
tionary particles Pt : 1, Pt : 2, Pt : 3, and Pt : 4 at the
coordinates (3pi/2ξ, pi/2ξ), (pi/2ξ, pi/2ξ), (pi/2ξ, 3pi/2ξ),
and (3pi/2ξ, 3pi/2ξ), respectively, which correspond to the
centers of vortex clusters; (3) the states obtained in the
s.pdf (1) and (2) are combined together, by multiplying
their wave functions, for the initial configuration ICP3A
that is then used in the GPE to study the dynamics of
this system. Note that to study the particle-field dynam-
ics for this initial configuration we have set the speed of
sound c = 2.
In Figs. 14 (a)-(i) we show the spatiotemporal evo-
lution of the density field ρ(r, t). In the initial stages
of the dynamical evolution of the system, the particles
Pt : 1-Pt : 4 remain stationary at the respective centers
of the rotating-vortex clusters, because our initial config-
uration has four-fold symmetry (C4) and we prepare it
by using the ground state of the vortex clusters. (By con-
trast, in subsection III C, our initial configuration is not
the ground of the vortex clusters.) However, at around
ct/ξ = 1.05×103, an instability sets in as a result of which
the particle Pt : 3 starts to move out; it is then trapped
by the negative vortex in front of it (see Fig. 14 (c),
top-left vortex cluster); the trapped particle now rotates
along with the other three vortices. Similarly, the mo-
tion of the other particles also becomes unstable and
they are trapped in vortices, in their respective clusters;
Fig. 14 (d) shows that the particle Pt : 2 is trapped by
a vortex at ct/ξ ' 1.13 × 103 and the particles Pt : 1
and Pt : 4 are trapped by vortices at ct/ξ ' 1.20 × 103
(see Fig. 14 (e)). Moreover, at ct/ξ ' 1.31 × 103 the
trapped particle Pt : 3 and its vortex form a complex
by including another negative vortex of the cluster (see
Fig. 14 (f), top-left vortex cluster). In Fig. 15 (a) we
show the phase of the wave function ψ; in such a plot, the
vortices are the points around which the phase changes
from 0 to 2pi; the top-left quadrant still has four vortices,
although two on the left are very close by and are held
together in a particle-two-vortex complex. The particle-
two-vortex complex and the trapped particles continue
rotating along with the other vortices, in their respec-
tive clusters, over the rest of the simulation time, as we
show in Figs. 14 (g)-(i). The Video M11 [20] illustrates
the spatiotemporal evolution of the four neutral particles
and the density field ρ(r, t). If the simulation time is fur-
ther extend, the vortex-particle clusters will expand and
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result in a complex motion of the particles and vortices,
which is akin to 2D superfluid turbulence.
We plot the trajectories of the four particles Pt : 1
(blue curve), Pt : 2 (red curve), Pt : 3 (green curve),
and Pt : 4 (black curve) in Fig. 15 (b). These particles
move along roughly circular trajectories; however, their
motions are not completely periodic in time, so these
trajectories meander away from perfectly closed curves
and, therefore, fill out two-dimensional areas. This is
a signature of either (a) ergodic behavior, e.g., with
quasiperiodic temporal evolution or (b) chaotic time evo-
lution. To distinguish between (a) and (b), we examine
the time series of uo,x and uo,y for all the four particles
in Figs. 16 (a)-(d). The principal peaks in these power
spectra can be indexed as naωa +nbωb, where na and nb
are integers and there are two main incommensurate fre-
quencies ωa and ωb (i.e., ωa/ωb is an irrational number).
For example, in Fig. 17 (a) the frequency ωc, of one of
the peaks in the power spectrum S(ω), can be written as
ωc = 2ωb − ωa (here ωc = 0.0.01777, ωa = 0.01443, and
ωb = 0.0161). This labelling of peaks indicates clearly
that the temporal evolution of Pt : 1 is quasi-periodic.
IV. CONCLUSIONS
We have carried out an extensive DNS to investigate
the interaction of particles and fields in the 2D GPE,
in both simple and turbulent flows. At the one-particle
level, we explore, for light, neutral, and heavy particles,
the nature of their dynamics in the superfluid, when a
constant external force acts on them; in particular, we
show, by a careful consideration of the effects of the par-
ticle mass, how the motion of such particles can become
chaotic. We demonstrate that the interaction of a par-
ticle with vortices leads to dynamics that depends sen-
sitively on the particle characteristics. The motion of
a single particle through a three-dimensional (3D) GP
superfluid has been explored in Refs. [12, 13]. Our work
complements and extends significantly these earlier stud-
ies by (a) considering the 2D GPE, (b) examining the
particle-mass-dependence of the dynamics, and (c) show-
ing that, after the emission of a vortex-antivortex pair,
the temporal evolution of the particle position can be
periodic or chaotic.
We extend our studies to assemblies of particles and
vortices and demonstrate that their dynamics show rich,
turbulent spatiotemporal evolution. In particular, we
systematize the spatiotemporal evolution of an initial
configuration in which one particle is placed in front
of a translating vortex-antivortex pair. Here our study
goes well beyond the recent work presented in Ref. [21],
which considers vortex scattering by impurities in a Bose-
Einstein condensate; in this study the impurities are
static; by contrast, in our work the particle has non-
trivial dynamics. Note that, in the limit of large particle
mass, our results are akin to those of Ref.[21], with the
vortices moving in a superfluid background with a fixed
impurity potential. Moreover, our one-particle studies
are of direct relevance to the experiments of Ref. [22],
in which vortex shedding is examined in a BEC with a
repulsive Gaussian laser beam that is moved through the
condensate. Another system which for which our results
may prove to be useful is the quantum fluid of light in
nonlinear optical systems [23].
Next we examine the complex motions of two particles
placed in front of a translating vortex-antivortex pair.
An important point that emerges from our study is that,
once a particle becomes coincident with a vortex, we can
use this particle as a tracer that can track vortex motion.
This is of direct experimental relevance; indeed, recent
experiments have employed frozen hydrogen particles to
track quantized vortices in superfluid Helium [2–6].
Finally, our investigations show, for the illustrative ex-
amples of (a) a single particle moving in the presence of
complex spatial distribution of vortices and (b) four par-
ticles in the presence of counter-rotating vortex clusters,
how the interactions of particles and fields in a 2D GP
superfluid can lead to rich, turbulent, and spatiotempo-
rally chaotic evolution. We hope our work will lead to
experimental studies of such spatiotemporal chaos in su-
perfluid Helium and BECs.
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Appendix A: Note on units
The s.pdf given below constitute an easy exercise, how-
ever, we give them to avoid any confusion; moreover, this
will form an useful background for the appendices on ini-
tial data preparation. Consider the field part of the full
Lagrangian (1),
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L =
∫
A
[ i~
2
(
ψ∗(r, t)
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]
dr, (A1)
which we rewrite as follows:
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]
dr. (A3)
From the above s.pdf it follows that g˜ = g/~m, µ˜ = µ/~,
V˜P = VP/~ and |ψ˜|2 = m|ψ|2; thus, |ψ˜|2 can be directly
interpreted as the mass density of the superfluid. From
the Lagrangian Eq. (A3) we obtain the following equation
of motion for the field ψ˜
2α0 i
∂ψ˜
∂ t
= 2α0
[
−α0∇2 + g˜|ψ˜|2 − µ˜+ V˜P
]
ψ˜. (A4)
Hereafter we drop the˜ symbol for notational conve-
nience in the discussions of Secs. B, C and D.
Appendix B: Advective real Ginzburg-Landau
equation (ARGLE)
Gross-Pitaevskii hydrodynamics is compressible, so,
when vortices are present, we get dynamics that is dom-
inated by acoustic waves. To minimize these acoustic
emissions, it is useful to prepare initial conditions by us-
ing the advective-real-Ginzburg-Landau equation (AR-
GLE) given in Refs. [24, 25]. The initial states we want
emerge as the large-time-asymptotic solutions of the fol-
lowing ARGLE:
∂ψ
∂t
= α0∇2ψ−g|ψ|2ψ+µψ− iuadv ·∇ψ− u
2
adv
4α0
ψ; (B1)
these states minimize the free-energy functional
FARGLE(ψ,ψ∗) =
∫
d3x
(
α0
∣∣∣∣∇ψ − iuadv2α0 ψ
∣∣∣∣2 + 12g|ψ|4
− µ|ψ|2
)
;
(B2)
here, uadv is the imposed flow velocity. In Eqs. (B1) and
(B2) a potential term can be included to prepare initial
states with particles.
Appendix C: Numerical implementation of ARGLE
For time stepping in the ARGLE we use the following
implicit-Euler method:
ψ(t+ ∆t) =
ψ(t) +NL(t)∆t
1− L∆t , (C1)
where we suppress the spatial argument of ψ, L = α0∇2,
and NL = (µ− g|ψ|2)ψ − iuadv · ∇ψ − u
2
adv
4α0
ψ. The field
ψ at the time step (n+ 1) is given by
ψˆn+1 =
ψˆn + ∆t(µ− g ̂|ψn|2ψn − i ̂uadv · ∇ψn − û
2
adv
4α0
ψn)
1− (−α0k2)∆t .
(C2)
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We use the Newton method to find the stable and the
unstable fixed points of the above equation; this is equiv-
alent to finding ψ∗, such that
F (ψ∗) ≡ ψ∗(t)− ψ∗(t+ ∆t) = 0. (C3)
Every Newton step requires the solution, for δψ, of
δF
δψ
δψ = −F (ψ); (C4)
we obtain this by an iterative, bi-conjugate-gradient-
stabilized method (BiCGSTAB) [26]. This method uses
[δF/δψ] over an arbitrary field φ:
δF
δψ
φ =
−∆t
1− L∆t
[
Lφ+ g(2|ψ|2φ+ ψ2φ∗)− iuadv · ∇φ
− (u2adv/4α0)φ
]
.
(C5)
Appendix D: Preparation of initial states with
vortices
1. Preparation of a translating vortex-antivortex
pair: ψpair
We give below the s.pdf required to prepare ψpair (see
Refs. [24, 25]):
1. Initialize ψ(x, y) = exp(ix) for lmin < y < lmax and
ψ(x, y) = 1 otherwise.
2. Evolve ψ by using ARGLE, with uadv = 0, and
allow the vortex-antivortex pair that is generated
to contract until it reaches the desired value of the
pair length d.
3. Evolve ψ, from the previous step, by using AR-
GLE, with uadv = uxˆ, so that the contraction of
the vortex-antivortex pair stops.
4. Use Newton’s method, coupled with BiCGSTAB,
to find the exact state of the vortex-antivortex pair
for uadv in step 3 above. This Newton method helps
to speed up the convergence to the desired solution
(the solution is a saddle point of Eq. (B1); the AR-
GLE procedure, if used alone, first converges, but
finally ends up diverging.
2. Preparation of counter-rotating vortex clusters
The s.pdf involved in the preparation of ψcluster are
outlined below:
1. Initialize ψe(λ1, λ2) =
(λ1+ιλ2)
A tanh
(
A√
2ξ
)
, where
λ1 =
√
2 cosx, λ2 =
√
2 cos y, and A =
√
λ21 + λ
2
2.
2. Prepare ψ4 = ψe(λ1 − η, λ2)ψe(λ1, λ2 − η)ψe(λ1 +
η, λ2)ψe(λ1, λ2 + η), where η = 1/
√
2.
3. Prepare ψcluster = (ψ4)
[γd/4], where γd = 8/(4piα0)
and [·] denotes the integer part of a real number.
4. Evolve ψcluster by using ARGLE with uadv,x =
sin(x) cos(y), uadv,y = − cos(x) sin(y) to minimize
acoustic emission.
For more details on the preparation of a counter-rotating
vortex clusters see Ref. [24].
Appendix E: Additional figures
In this appendix we give additional plots to compli-
ment the discussion of Sec. III A and III B.
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SUPPLEMENTAL MATERIAL
Video M1(https://youtu.be/pELKLOXaLc4):
Spatiotemporal evolution of the density field ρ(r, t)
shown via pseudocolor plots, illustrating the dynamics
of a heavy particle, when a constant external force
Fext = 0.28 c
2ξρ0 xˆ acts on it (initial configuration
ICP1). The particle appears as a large blue patch and
the vortices as blue dots.
Video M2(https://youtu.be/Fi6IxpCiX0k): Spa-
tiotemporal evolution of the density field ρ(r, t) shown
via pseudocolor plots, illustrating the dynamics of
a neutral particle, when a constant external force
Fext = 0.14 c
2ξρ0 xˆ acts on it (initial configuration
ICP1). The particle appears as a large blue patch and
the vortices as blue dots.
Video M3(https://youtu.be/t1ggxiei_Fw):
Spatiotemporal evolution of the density field ρ(r, t)
shown via pseudocolor plots, illustrating the dynamics
of a light particle, when a constant external force
Fext = 0.14 c
2ξρ0 xˆ acts on it (initial configuration
ICP1). The particle appears as a large blue patch and
the vortices as blue dots.
Video M4(https://youtu.be/6Hk8d3fqRGE): Spa-
tiotemporal evolution of the density field ρ(r, t) shown
via pseudocolor plots, for a heavy particle placed in
the path of the positive (upper) vortex of a translating
vortex-antivortex pair (initial configuration ICP2A).
Video M5(https://youtu.be/KfMGJDgVhQM): Spa-
tiotemporal evolution of the density field ρ(r, t) shown
via pseudocolor plots, for a neutral particle placed in
the path of the positive (upper) vortex of a translating
vortex-antivortex pair (initial configuration ICP2A).
Video M6(https://youtu.be/hCs9XJpmtsM): Spa-
tiotemporal evolution of the density field ρ(r, t) shown
via pseudocolor plots, for a ligth particle placed in the
path of the positive (upper) vortex of a translating
vortex-antivortex pair (initial configuration ICP2A).
Video M7(https://youtu.be/m0WSbgLe1Go): Spa-
tiotemporal evolution of the density field ρ(r, t) shown
via pseudocolor plots, for two heavy particle placed in
the path of the positive (upper) and negative (lower)
vortices, respectively, of a translating vortex-antivortex
pair (initial configuration ICP2B).
Video M8(https://youtu.be/rn02wXt-pdA): Spa-
tiotemporal evolution of the density field ρ(r, t) shown
via pseudocolor plots, for two neutral particle placed in
the path of the positive (upper) and negative (lower)
vortices, respectively, of a translating vortex-antivortex
pair (initial configuration ICP2B).
Video M9(https://youtu.be/XIYvhngJqaE): Spa-
tiotemporal evolution of the density field ρ(r, t) shown
via pseudocolor plots, for two light particle placed in
the path of the positive (upper) and negative (lower)
vortices, respectively, of a translating vortex-antivortex
pair (initial configuration ICP2B).
Video M10(https://youtu.be/syzxk_upx30):
Spatiotemporal evolution of the filtered vorticity field
(derived from the incompressible velocity field), for the
neutral particle initially in the presence of counter-
rotating vortex clusters (initial configuration ICP3A).
The instantaneous position of the particle is shown by a
black disk.
Video M11(https://youtu.be/79gmHBd1pqE): Spa-
tiotemporal evolution of the density field ρ(r, t) shown
via pseudocolor plots, for the four neutral particles
(large blue patches), initially placed at the centers of the
counter-rotating vortex clusters (initial configuration
ICP3B).
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FIG. 6. (Color online) Plots versus time t of (a) uo,x and (b) uo,y for heavy (M = 374, blue curve), neutral (M = 1, red
curve), and light (M = 0.0374, green curve) particles, placed in the path of the positive (upper) vortex of a translating vortex-
antivortex pair (initial configuration ICP2A). The initial stages of motion is emphasized by separately plotting uo,x in (c) and
uo,y in the inset for the neutral and light particles; (d) contains the trajectories (qo,x/ξ, qo,y/ξ) for the three particle types
during this time.
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FIG. 7. (Color online) Spatiotemporal evolution of the density field ρ(r, t) shown via pseudocolor plots, for a neutral particle
placed in the path of the positive (upper) vortex of a translating vortex-antivortex pair (initial configuration ICP2A).
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FIG. 8. (Color online) Plots versus time t of the energy components δEfield = EF(t) − EF(t = 0) (blue solid curve) and Eo
(red dashed curve) for (a) heavy, (b) neutral, and (c) light particles, placed in the path of the positive (upper) vortex of a
translating vortex-antivortex pair (initial configuration ICP2A).
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FIG. 9. (Color online) Spatiotemporal evolution of the density field ρ(r, t) shown via pseudocolor plots, for two heavy particle
placed in the path of the positive (upper) and negative (lower) vortices, respectively, of a translating vortex-antivortex pair
(initial configuration ICP2B).
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FIG. 10. (Color online) Plots of (a) uo,x and (b) uo,y versus time for two heavy particles Pt : 1 (blue solid curve) and Pt : 2
(red dashed curve), placed in the path of the positive (upper) and negative (lower) vortices, respectively, of a translating
vortex-antivortex pair (initial configuration ICP2B). Insets: Plots of (a.1) qo,x and (a.2) qo,y versus time. The values of qo,x and
qo,y are not mod2pi; i.e., if particle goes around our periodic simulation domain once, say in the xˆ direction, then the values of
qo,x is its value in the box plus 2pi.
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FIG. 11. (Color online) Spatiotemporal evolution of the filtered vorticity field (derived from the incompressible velocity field), for
the neutral particle initially in the presence of counter-rotating vortex clusters (initial configuration ICP3A). The instantaneous
position of the particle is shown by a black disk.
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FIG. 12. (Color online) Trajectory of a neutral particle (de-
noted by blue triangles), initially in the presence of counter-
rotating vortex clusters (initial configuration ICP3A).
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FIG. 13. (Color online) Plots versus time t of (a) uo,x (blue solid curve) and uo,y (red dashed curve); (b) δEfield = EF(t)−EF(t =
0) (blue solid curve) and Eo (red dashed curve); obtained from the dynamical evolution of the neutral particle in the presence
of counter-rotating vortex clusters (initial configuration ICP3A).
20
0 30 60 90
x/ξ
0
30
60
90
y/
ξ
ct/ξ=0
0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
(a)
0 30 60 90
x/ξ
0
30
60
90
y/
ξ
ct/ξ=3.45×102
0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
(b)
0 30 60 90
x/ξ
0
30
60
90
y/
ξ
ct/ξ=1.07×103
0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
(c)
0 30 60 90
x/ξ
0
30
60
90
y/
ξ
ct/ξ=1.13×103
0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
(d)
0 30 60 90
x/ξ
0
30
60
90
y/
ξ
ct/ξ=1.20×103
0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
(e)
0 30 60 90
x/ξ
0
30
60
90
y/
ξ
ct/ξ=1.31×103
0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
(f)
0 30 60 90
x/ξ
0
30
60
90
y/
ξ
ct/ξ=1.35×103
0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
(g)
0 30 60 90
x/ξ
0
30
60
90
y/
ξ
ct/ξ=1.56×103
0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
(h)
0 30 60 90
x/ξ
0
30
60
90
y/
ξ
ct/ξ=4.24×103
0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
(i)
FIG. 14. (Color online) Spatiotemporal evolution of the density field ρ(r, t) shown via pseudocolor plots, for the four neutral
particles (large blue patches), initially placed at the centers of the counter-rotating vortex clusters (initial configuration ICP3B).
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FIG. 15. (Color online) (a) Pseudocolor plot of the phase of ψ(x, t); (b) trajectories of four neutral particles Pt : 1 (blue curve,
right bottom), Pt : 2 (red curve, left bottom) Pt : 3 (green curve, left top), and Pt : 4 (black curve, right top), in the presence
of counter-rotating vortex clusters (initial configuration ICP3B).
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FIG. 16. (Color online) Plots versus time t of uo,x (blue solid curve) and uo,y (red dashed curve) for the four neutral particles
(a) Pt : 1, (b) Pt : 2, (c) Pt : 3, and (d) Pt : 4, in the presence of counter-rotating vortex clusters (initial configuration ICP3B).
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FIG. 17. (Color online) Plots of power spectra, denoted generically by S(ω), of the time series of uo,x (blue solid curve with
circles), uo,y (red dotted curve with cross) (see Figs. 16) for the four neutral particles (initial configuration ICP3B) (a) Pt : 1,
ωc = 2ωb − ωa (ωa = 0.01443, ωb = 0.0161, and ωc = 0.01777); (b) Pt : 2, ωc = 3ωb − 2ωa (ωa = 0.01943, ωb = 0.01777,
and ωc = 0.01443); (c) Pt : 3, ωc = 3ωb − 2ωa (ωa = 0.01943, ωb = 0.01777, and ωc = 0.01443); (d) Pt : 4, ωc = 2ωb − ωa
(ωa = 0.01443, ωb = 0.0161, and ωc = 0.01777). The frequencies ωa, ωb, and ωc that we give are associated with S(ω) for uo,x
(blue curves with circles).
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FIG. E.1. (Color online) Constant external force on a light particle: Spatiotemporal evolution of the density field ρ(r, t)
shown via pseudocolor plots, illustrating the dynamics of a light particle, when a constant external force Fext = 0.14 c
2ξρ0 xˆ
acts on it (initial configuration ICP1). The particle appears as a large blue patch and the vortices as blue dots (for details see
text, subsection III A).
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FIG. E.2. (Color online) Plots of the Cartesian components of: (a) velocity uo,x and uo,y, (b) force fo,x and fo,y; (c) power
spectra of the quantities time series in (a) and (b), for the heavy particle (M = 374, Fext = 1.42 c2ξρ0 xˆ). Plots in (d), (e),
and (f) and (g), (h), and (i) are the analogs of plots in (a), (b), and (c), for the neutral (M = 1, Fext = 0.71 c2ξρ0 xˆ) and
light (M = 0.0374, Fext = 0.71 c2ξρ0 xˆ) particles, respectively. Power spectra, denoted generically by S(ω), of the time series
of uo,x , uo,y, fo,x, and fo,y are plotted versus the angular frequency ω for the above three cases.
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FIG. E.3. (Color online) Light particle interacting with a translating vortex-antivortex pair: Spatiotemporal evolution
of the density field ρ(r, t) shown via pseudocolor plots, for a ligth particle placed in the path of the positive (upper) vortex of
a translating vortex-antivortex pair (initial configuration ICP2A).
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FIG. E.4. Two neutral particles interacting with a translating vortex-antivortex pair: Spatiotemporal evolution of
the density field ρ(r, t) shown via pseudocolor plots, for two neutral particle placed in the path of the positive (upper) and
negative (lower) vortices, respectively, of a translating vortex-antivortex pair (initial configuration ICP2B).
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FIG. E.5. Two Light particles interacting with a translating vortex-antivortex pair: Spatiotemporal evolution of the
density field ρ(r, t) shown via pseudocolor plots, for two light particle placed in the path of the positive (upper) and negative
(lower) vortices, respectively, of a translating vortex-antivortex pair (initial configuration ICP2B).
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FIG. E.6. Plots versus time t of (a) qo,x, (b) qo,y, (c) uo,x, (d) uo,y for two neutral particles Pt : 1 (blue solid curve) and
Pt : 2 (red dashed curve), placed in the path of the positive (upper) and negative (lower) vortices, respectively, of a translating
vortex-antivortex pair (initial configuration ICP2B). In (a) and (b) the values of qo,x and qo,y are not modulo 2pi; i.e., if particle
goes around our periodic simulation domain once, say in the xˆ direction, then the values of qo,x is its value in the box plus 2pi.
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FIG. E.7. Plots versus time t of (a) qo,x, (b) qo,y, (c) uo,x, (d) uo,y for two light particles Pt : 1 (blue solid curve) and Pt : 2
(red dashed curve), placed in the path of the positive (upper) and negative (lower) vortices, respectively, of a translating
vortex-antivortex pair (initial configuration ICP2B). In (a) and (b) the values of qo,x and qo,y are not modulo 2pi; i.e., if particle
goes around our periodic simulation domain once, say in the xˆ direction, then the values of qo,x is its value in the box plus 2pi.
